Witten spinors on nonspin manifolds 

Anda Degeratu* and Mark Stern^ 



Abstract. Motivated by Witten's spinor proof of the positive mass theorem, we analyze 
asymptotically constant harmonic spinors on complete asymptotically flat nonspin manifolds 
with nonnegative scalar curvature. 



1. Introduction 

Techniques from spin geometry have proved very powerful in the study of positive scalar 
curvature. However, not all manifolds are spin. The topological obstruction to the existence 
of a spin structure is the second Stiefel- Whitney class. In this article we explore, in the 
context of the positive mass theorem, whether it is possible to graft some of the machinery 
of spin geometry onto the study of nonspin manifolds. 

The fundamental idea is to excise a representative of the Poincare dual of the second Stiefel- 
Whitney class and apply spin techniques on the complement. We explore this idea by trying 
to adapt Witten's proof of the positive mass theorem to the nonspin case. The difficulties 
in executing this approach arise from the fact that this complement is incomplete, greatly 
complicating analytic arguments. Ultimately, we do not succeed in this endeavor, but we 
hope that our analysis of harmonic spinors on incomplete spin manifolds may prove useful 
in other contexts. A prior examination of incomplete spin structures appears in [Bal] . 

1.1. The positive mass theorem 

Definition 1.1. A complete non-compact Riemannian manifold is called asymp- 

totically flat of order r > if there exists a compact set, K C M, whose complement is a 
disjoint union of subsets Mi, . . . , Ml - called the ends of M - such that for each end there 
exists a diffeomorphism 

Yi:W'\Bt{0)^ Ml, 
so that Yi*g —: gijdx^dx^ satisfies for p = \x\, 

with S the Euclidean metric on R", and T > 1. We call such a coordinate chart {Mi,Yi) 
asymptotically flat. 
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For an end of an asymptotically flat manifold, the mass is defined to be 

1 f 

mass(M;,5') := — ^ lim / —{digij - djg.ii)da, (1.2) 
c(n) p^ocjg,^-! p 

if the limit exists. Here c{n) is a normalizing constant depending only on the dimension of 
the manifold, and 5*"^^ is the sphere of radius p in the asymptotically flat coordinate chart 
{Mi^Yi). The mass of the manifold [M'^^g] is the sum of the masses of its ends 

L 

mass(Af,5) := ^ m,{Mi,g). 
1=1 

Bartnik showed that if {M, g) satisfies the mass decay conditions, 

n — 2 

T > — ^ and R e Li(M), (1.3) 

then the mass is well-defined and is a Riemannian invariant, [Bar] . Here R denotes the 
scalar curvature of g. 

Positive Mass Theorem. Let (Af, g) be an asymptotically flat Riemannian manifold of 
dimension n > 3 satisfying the mass decay conditions (jl.3p with nonnegative scalar curva- 
ture. Then the mass is nonnegative. Futhermore mass(A/, g) = if and only if (M, g) is 
isometric to the Euclidean space. 

The positive mass theorem has a long history. Arnowitt, Deser and Misner introduced the 
notion of mass of an asymptotically fiat spacelike hypersurface in space-time and conjec- 
tured its positivity for 3-dimensional spacelike hypersurfaces. This conjecture was proved by 
Schoen and Yau, using minimal surface techniques. Their proof extends readily to dimen- 
sions n < 7. Witten subsequently gave a different argument using spinors, which proved the 
conjecture for spin manifolds of arbitrary dimension. The requisite analysis was provided 
by Parker and Taubes |PT| and Bartnik [Bar]. After this work, the positive mass theorem 
was open for higher dimensional nonspin manifolds. 

Recently, Schoen [Scl| and Lohkamp |Lo] have each announced programs for extending to 
higher dimension the minimal surface approach to proving the positive mass theorem. On 
the other hand, our analysis of harmonic spinors on nonspin manifolds is motivated by 
Witten's proof, which we now briefly recall. 

1.2. Witten's proof of the positive mass theorem 

Let (M, g) be an asymptotically fiat Riemannian spin manifold of dimension n which satisfies 
the mass decay conditions (|1.3|) . For simplicity, we assume here that M has only one end. Let 
ipQ be a smooth spinor on M which is constant near infinity with respect to an asymptotically 
flat coordinate system and normalized by j^'oP ^ 1 a-t infinity. Then there exists a unique 
spinor u, with Du e L'^{M, S) and ^ S L^{M, S) solving 

D^u = -DVo- (1-4) 

Let 

i; := Du + il^o. (1.5) 
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Applying the Lichnerowicz formula to the harmonic spinor ij) one computes (see the proof 
of Proposition 14.15^ that 

Since the spinor ijj is harmonic and the scalar curvature R is positive and L^, the mass of 
(M, g) is finite and nonnegative. 

1.3. Our main results 

In this work we study a natural extension of Witten's argument to nonspin manifolds. 
Suppose that (Af, g) is a nonspin Riemannian manifold that is asymptotically flat of order 
r > 0. By passing to an oriented double cover when necessary, it sufficies to consider the 
case of orientable manifolds. In Theorem 12. 71 we show that we can choose a compact subset 
V in the compact part K of M, stratified by smooth submanifolds V^*" of codimension 
kb — bib — 1) with 6 > 2, so that M\V admits a spin structure, and this spin structure does 
not extend over the lowest codimension stratum . We fix such a V and the corresponding 
spin structure on M \ y. This spin structure restricts to the trivial spin structure on each 
of the asymptotically flat ends of M. We denote with S the corresponding spinor bundle 
on M \ V. 

To implement Witten's proof, we first need to construct an asymptotically constant har- 
monic spinor, which we call a "Witten spinor" . The properties of this spinor are exactly 
those properties of the spinor ip constructed above in Witten's proof on a complete spin 
manifold. 

Definition 1.7. Let ■i/'o be a spinor on M\ V, constant near infinity. We say that a spinor 
^ on M \ y is a Witten spinor asymptotic to ipo i if the following conditions are satisfied : 

1. ±^ e L^{M\V,S), 

2. ip is strongly harmonic, i.e. Dip = 0, and 

3. V(V' - Ipo) e i^(Mi, S\m^) for each asymptotically flat end Mi of M. 
We show that such spinors exist on M\ V. 

Theorem A. Let (M, g) he a nonspin Riemannian manifold which is asymptotically flat of 
order t > and which has nonnegative scalar curvature. Given a smooth spinor ipo on 
M \ V that is constant near infinity and that vanishes in a neighborhood of V , there exists 
a Witten spinor on M\V asymptotic to ipo . 

Next one needs to use the integral form of the Lichnerowicz formula on the incomplete 
manifold M\V. In this case, integration by parts may introduce unwanted boundary terms 
from the ideal boundary V into the formula. This is a problem familiar in the study of 
the Hodge theory of L^-cohomology of singular varieties (see jPS2| ). which is resolved in 
that context by proving that, as they approach the singularities, harmonic forms decay 
sufficiently rapidly to introduce no extra boundary terms when integrating by parts. 
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To analyze the behaviour of the Witten spinors near V, we study the growth of ip near 
each of the strata V'^'' of V separately. Unless V'^'' is a closed stratum, there are no tubular 
neighborhoods of uniform radius over the entire stratum. Hence, for uniform estimates 
involving separation of variables, we formulate our estimates in tubular neighborhoods over 
relatively compact subsets of V'''' that do not intersect the higher codimension strata. We 
denote by TRC(T^'^'') the set of all these good neighborhoods around points in V'^'' . Letting 
r denote the distance to the lowest codimension stratum, and ri, denote the distance to 
the higher codimension strata V'''' of V, we have: 

Theorem B. Let ip be a Witten spinor constructed as in Theorem A. Then 

1. for all W e TRC{V^) 

-j-J^^—-eL\W\V,S\w\v), for all a >0, (1.8) 

2. for all W S TRCiV'"') with h > 2 

(..-2)/2^^i/2+aM. for all a >Q. (1.9) 



However, the decay estimates in (|1.8p are borderline for our purposes. For any class of 
manifolds for which we could set a = in (|1.8p , Witten's proof of the positive mass theorem 
extends. 

Theorem C. Let (Af , g) he an asymptotically flat nonspin manifold which satisfies the 
hypothesis of the Positive Mass Theorem. If the Witten spinor constructed in Theorem A 
has the property 

-^j^^Tn^^^L\w\v,sw^y) (1.10) 

for all W £ TRC(T^^), then the mass of {M,g) is nonnegative. 

Since the spin structure on M\V does not extend over , spinors have nontrivial holon- 
omy around small circles normal to V'^. The L^-harmonic spinors near have a Fourier 
decomposition in these normal circles whose leading order modes in polar coordinates may 
behave like r~^/^e*"2". Such modes prevent direct application of the Lichnerowicz formula. 
But, if a spinor satisfies the hypotheses of Theorem C, these modes vanish, giving that its 
product with any element of C^{M) is in the minimal domain of the Dirac operator. On 
the other hand, the decay obtained in Theorem B near is not sufficient to remove them. 
Hence, our estimates do not suffice to extend Witten's proof of the positive mass theorem. 



1.4. Plan of the Paper 



In Section [21 starting from the fact that the second Stiefel- Whitney class vanishes on any 
bundle admitting a rank (n — 1) trivial subbundle, we construct the stratified space V whose 
complement is an incomplete spin manifold. We then analyze the geometric structure of V 
and introduce the set TRC(V^'''') of good tubular neighborhoods. 
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In Section [3] we gather Poincare estimates for spinors on the asymptoticaUy flat ends of 
M and near each stratum of V . Near the codimension 2 stratum of V we have a stronger 
angular estimate. This is a consequence of the fact that the spin structure on Af \ does 
not extend over V^^, and the resuhing nontrivial holonomy around smah normal circles to 
V\ 

We follow with a preliminary study of the Dirac operator I? on M \ y in Section |4l We 
introduce the weighted Sobolev spaces necessary for our analysis, state the Lichnerowicz 
formula on these spaces, and derive a vanishing result in ProDOsition l4.6l We also introduce 
the maximal and the minimal domains of D. We continue with an analysis of the growth 
condition of the Witten spinors on the asymptotically flat ends, and conclude this section 
with Proposition 14.151 which recapitulates Bartnik's proof that the asymptotic boundary 
contribution to the Lichnerowicz formula for strongly harmonic spinors does yield the prod- 
uct of a universal constant and the mass. 

In Section [S] we derive estimates near each stratum of V for spinors u and v :— Du, with 
u in the minimal domain oi D. In Lemma 15. 7[ we also derive a sufficient condition for a 
spinor to be in the minimal domain of -D. In Section [5] we sharpen these estimates when 
D^u — near V. Both these sections rely on the estimates established in Section |3] and a 
technique of Agmon which we use repeatedly, [ Ag] . 

In Section [7] we derive estimates for spinors on the asymptotically flat ends of M. 

In Section [8] we prove a coercivity result for the Dirac operator, which we then use in 
Section [9] together with Corollary 14.141 to prove Theorem A. We conclude this section by 
proving Theorems B and C. 



Acknowledgements: We would like to thank Hubert Bray for helpful discussions. The 
first author would like to thank Tom Mrowka and Richard Melrose for support and useful 
discussions, and also acknowledge the support of NSF DMS-0505767 and the Max Planck 
Institute for Gravitational Physics in Potsdam, Germany during the time this work was 
carried out. The work of the second author was supported partially by NSF grant DMS- 
1005761. 



Contents 

1 Introduction [l| 

1.1 The positive mass theorem [l| 

1.2 Witten's proof of the positive mass theorem 

1.3 Our main results 

1.4 Plan of the Paper Q 

2 Incomplete Spin Structures 

2.1 The construction of 



5 



2.2 A remark about higher codimension 

2.3 The conical structure of the singularities oi V 

2.4 The geometric structure near V 

2.5 Behaviour of the spin structure near the codimension 2 stratum of 

Preliminary estimates 

3.1 Poincare estimates 

3.1.1 Euclidean Poincare Inequalities 

3.1.2 Poincare inequalities for the asymptotically flat ends 

3.1.3 Radial estimates near V 

3.2 Angular estimates near 

The Dirac operator on AI \V 

4.1 Weighted Sobolev spaces of spinors on M\V and Rellich's compactness . . . 

4.2 The Dirac operator and the Lichnerowicz formula 

4.3 Growth conditions for the Witten spinor 

4.4 Obtaining the mass from a Witten spinor 

Growth estimates near V for spinors in the minimal domain 

Improved integral estimates for harmonic spinors near V 

6.1 Estimates near the codimension 2 stratum of 

6.2 Estimates near the higher codimension strata oi V 

6.3 A sufficient condition for v to be in Dommin(D) 

Estimates on the asymptotically flat ends of M 

7.1 More estimates on the asymptotically flat ends of M 

Coercivity for the Dirac operator 

8.1 A second coercivity result 

Proof of our main results 

9.1 Proof of Theorem A 

9.2 Proof of Theorem B 

9.3 Proof of Theorem C 



2. Incomplete Spin Structures 



Let M be an oriented n-dimensional Riemannian manifold which is nonspin. Thus it has 
non- vanishing second Stiefel- Whitney class, W2{M). Based on the definition of ■W2{M), we 
construct a compact subset V d M so that M\V admits a spin structure. 

2.1. The construction of V 

The second Stiefel- Whitney class is the topological obstruction to extending [n — 1) linearly 
independent vector fields from the 1-skeleton to the 2-skeleton of M. In particular, it 
vanishes for any manifold admitting (n — 1) pointwise linearly independent vector fields. 
With this in mind, we consider the vector bundle Hom(R"~-'^, TM). The fiber at each point 
X is identified with the space of (n — l)-tuples of vectors in T^^M. In this fiber we take the 
subset Hx of maps which are not of maximal rank. Set % := ^JxeM'Hx- This is a stratified 
set, with strata occurring only in codimension fcft := 6(6— 1) with 6 > 2. The codimension fcft 
stratum, Ti.^'' , consists of all the points (x, T) with T of rank n — b, b > 2. The codimension 
is exactly the dimension of the space of normal deformations ■N'{x,t) = Hom(Ker T, Coker T) 
at (,T,T) e n. 

We choose a section s of Hom(]R"~^ , TM), transverse to H; it corresponds to an (n— l)-tuple 
of vector fields on M. Let S = S(s) be the set where these vector fields fail to be linearly 
independent. It is a stratified space, with strata S*''' only in codimension kb : 



By construction, M \ S admits a spin structure. Let Pspin(Af \ E) be the associated lifting 
of the bimdlc of orthonormal frames, Pso{M \ S). However, it might be possible to extend 
this spin structure over certain connected components of S^. In the next Lemma we do 
exactly this: we extend the spin structure as much as possible over S^. 

Lemma 2.1. There exists V C T,, a closed stratified space 



b>2 

such that M\V is spin, but the spin structure Pspin{M\T,) cannot be extended over 

Proof. Let a; G E^. The holonomy of Pspin{M \ E) on infinitcsimally small loops in the 
transverse slice to E at a; is either +1 or —1. If the holonomy is +1 then it is so for the 
entire connected component of E^ in which x lies. The spin structure extends over this 
connected component. 

We take to consist of those connected components of E^ around which the holonomy of 
an infinitesimal loop is —1; and then define V'^'' := E*^'' for the higher codimension strata. 
The fact that V is closed follows since E and T-L are closed, as locally H is given by the 
vanishing of the determinants of (n — 1) x (n — 1) minors of a (n — 1) x n matrix. □ 

This Lemma allows us to choose a spin structure over M\V with the property that it does 
not extend over any component of V^. We call such a spin structure maximal. 




b>2 




(2.2) 



7 



Moreover, since M, as an asymptotically flat manifold, has a natural spin structure on the 
asymptotically flat end, the set V can be chosen to lie in the compact part of M. 

Lemma 2.3. Let M be an asymptotically flat manifold which is not spin. Then the stratified 
space V can be chosen so that it lies in the compact part K of M . The resulting spin bundle 
is trivial on each end. 

Proof. We show that we can choose a generic section s of the bundle Hom(M"^^ , TM) so that 
S(s) C K and closed. Choose asymptotically flat coordinates x on each end. Choose the 
section s := (gfr, • ■ • , qJ^-i ), and then extend s to a section of Hom(M"^^, TAf), transverse 
to "H. By construction, Y,{s) C K. 

The distinct spin structures on each end are parameterized by \ i?T(0), Z2) = 0, for 

n > 2. Hence the spin bundle must agree with the trivial spin bundle on each end. □ 

2.2. A remark about higher codimension 

We saw in Lemma 12.11 that the spin structure can be extended over those connected com- 
ponents of where the holonomy of Pspin(Af \ E) is +1. We show now that the spin 
structure can be extended over any of the higher codimension components of T,^'' with 6 > 2 
which is a smooth closed submanifold. A similar result was obtained in the PhD thesis of 
Baldwin [Bill Section 2.1.2]. 

Presumably, it should also be possible to extend the spin structure over any of the connected 
components of V that do not intersect . In particular, \i = % then we expect that 
M is spin. If this is not, in fact the case, then our construction of Witten spinors and our 
attendant regularity results show that the positive mass theorem holds for such nonspin 
manifolds with 'small' singular set V . 

Proposition 2.4. Let X be an n-dimensional smooth orientable manifold. Let Y be a 
smooth connected closed submanifold of codimension k. Assume that X \ Y is spin. If 
k > 3, then X is spin. 

Proof. Choose a Riemannian metric on X, and let p : D{Y) Y he the normal disk 
bundle to Y and S{Y) the corresponding sphere bundle. We identify D{Y) with a tubular 
neighborhod of Y with boundary S{Y). Let Wk{N) denote the kth Stiefel- Whitney class of 
the normal bundle NY to F in A. Consider the Gysin sequence with mod 2 coefficients for 
the unoriented sphere bundle S{Y) (see jMSi p. 144]): 

^ H'-''{Y,Z2)'^-^^^^ HHY,Z2) H'{S{Y),S2) ^ H'+^'^{Y,'L2) ^ 

(2.5) 

Since fc > 3, we see that for i ~ 2, the map p* : H^(Y, Z2) — H'^{S(Y), Z2) is an injection, 
while for i^l,p* : H\Y,Z2) H^{S{Y), Z2) is an isomorphism. 
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Next, we consider the Mayer- Vietoris sequence 
^ I2) ^ H\D{Y), Z2) ®H\X\ y, Z2) ^ H\S{Y), I2) 



— H^iX, Z2) ^ H^{D{Y), Z2) (SH^iX\ Y, Z2) ^ H^iS{Y), Z2) ^ ■ • ■ 

In this sequence, upon identifying W{D{Y), Z2) = H'{Y,Z2), the map W{D{Y),l2) 
i?'(5(y),Z2) is the same as the map p* in the Gysin sequence (12.5^ . Hence the map 
H^{DiY),Z2) H\S{Y),Z2) is surjective, and the map H^{D{Y), Z2) ^ H^{S{Y),Z2) 
is injective. This also imphes that the boundary map S is identically zero. 

By the naturality of the Stiefel- Whitney classes, the image of W2{X) in H'^{X \ F, Z2) is 
W2{TX\x\y)- This vanishes since X \ F is spin. On the other hand, the image of W2{X) 
in _ff^(D(y), Z2) is zero by the aformentioned injectivity and the fact that TX\g(Y) is spin, 
as S{Y) is the boundary of the spin manifold X \ D{Y). Hence W2{X) = 0, and thus X is 
spin. □ 

Remark 2.6. Note that in codimension k = 2 this proof breaks at two stages: First of 
all, for i = 1 in the Gysin sequence the map p* : H^{Y,l2) ^ H^{S{Y),Z2) is 

not necessarily surjective, and thus we cannot conclude that (5 = in the Mayer- Vietoris 
sequence. Secondly, since for i — 2 the map p* : H^{Y, Z2) — >■ H^{S{Y),Z2) is not injective, 
we cannot conclude that the image of W2{X) in H^{D{Y), Z2) vanishes. 

2.3. The conical structure of the singularities of V 

The singular structure of the set V defined in Lcmma [2.1l is easily deduced from the geometry 
of the subset H of Hom(R"^^, TAf). Each stratum H'^'' lies in the closure of each of the 
higher dimensional strata (the strata 'H*^" with a < b). For {x,T) e V.'^'' , the normal 
bundle to this stratum within Hom(R"~^, TM) can be identified with the stratified space 
of maps in Hom(Kerr, CokerT). The elements which are not of maximal rank can be 
identified with a subcone of the normal bundle. Elements in this subcone exponentiate to 
H. A choice of coordinates in a neighborhood U oi x allows us to locally trivialize these 
structures and to identify, via the exponential map, a neighborhood of (a;, T) in H with the 
product of a neighborhood of {x, T) in Ti'^'' and a small cone of nonmaximal rank elements 
in Hom(M^~^,K^). The cone can be realized as a cone over a subvariety of nonmaximal 
rank elements in a small sphere in Hom(M''^^, M''). This subvariety is again a stratified 
space. Therefore, the point (x, T) has a neighborhood which is a product of a manifold 
and a cone over the stratified space S'^''~^ H H. Inducting both on the dimension of the 
manifold and the dimension of the strata, we see that T-l is locally quasi-isometric to an 
iterated cone. This is the familiar cone over cone topological structure of singularities of 
projective varieties arising here as a geometric structure. This geometric cone structure is 
preserved under pull-back by transversal maps, and thus inherited by V . 

We collect the discussion so far in the following theorem. 

Theorem 2.7. Let {M,g) be an asymptotically flat Riemannian manifold which is nonspin. 
Then there exists a closed stratified subset V , locally quasi- isometric to an iterated cone and 
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lying in the compact part K of M , so that the spin structure on M \ V is maximal, in the 
sense that it does not extend over any of the codimension 2 strata of V . The strata of V , 

V = v'^^ u v''^ u ... v'^''-^ U V'''^, 

have codimensions kb = b(b — 1) in M . Moreover, the maximal spin structure on M \ V is 
trivial on each assymptotically flat end of M . 

For the reminder of the paper we fix such a V and the associated maximal spin structure. 
We denote by S the corresponding spinor bundle. 

2.4. The geometric structure near V 

To simplify our analysis near V, we introduce a special set of tubular neighborhoods adapted 
to the geometry of the stratified set V. 

Remark 2.8. Here we assume that we are in the topologically generic situation where all 
V'^'' are nonempty, 2 < b < d. For general M, some of the strata of H might give empty 
strata of V. This affects the following discussion only notationally. 

We employ the convention that all tubular neighborhoods are geodesic, have constant radius, 
and do not intersect the higher codimension strata of V. Unless V'^'' is a closed stratum, there 
are no tubular neighborhoods over the whole stratum. Hence, we must restrict attention to 
tubular neighborhoods over relatively compact subsets Y of V'"' . The larger we take Y, the 
smaller we must take the radius of the tube. 

Consider V'^'', one of the strata of V. Let T*''' be a rotationally symmetric neighborhood of 
the zero section of the normal bundle N'''' of V'^'' in M on which the exponential map is a 
diffeomorphism. Let W'^f' :— exp(r''''). On W'^'' we define a normal distance function r^, 
by setting 

niexp^iv)) := \v\ (2.9) 

for each x e V'"' and v e N^>' n T'"' . 

Given any relatively compact subset Y C V'^'', there exists < e{Y) < ^ so that the tubular 
neighborhood of any radius e < e{Y) over Y is contained in W and does not intersect 
ykb+i ^ Denote this neighborhood B^{Y). 

Set 

TRC{V'"') := {B,{Y) C W'"' : F is a relatively compact subset of V''" and e < e{Y)}. 

(2.10) 

Note that we have W n V>"'+^ = for all W G TRC{V'"'). 

Remark 2.11. On each W S TRC(V^'''') we have a well-defined normal distance function 
Tf,. Our choice e{Y) < i implies that is always less than i. 

We now study the metric on these tubular neighborhoods. The discussion is similar to the 
discussion in jGr[ Section 2]. Consider W = Be{Y), with {Y,(j>) a coordinate neighborhood 
in V'^'' with coordinate functions (/)(y) — (y^, . . .y'^^^''). Also choose a trivialization of the 
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normal bundle N'''' on Y, with {tt-qIqLi an orthonormal frame on N'^''\y- Using this, we 
have the foUowing coordinates {y\t°') on W: 

* : (j){Y) X B,(0) C W"^'"' X R''" C M, 

with 

fci, 

«'(j/\r)=exp^(^rn„(2;)). (2.12) 

a=l 

Using these coordinates, we write the metric near Y as 

g = gijdy'dy' + gapdt"dt'^ + giady' o dt", 

where 17^0, vanishes on Y C V'''' and gap — Sa/s = 0{\t\'^). Moreover, the distance fmrction 
rf, defined in (12.13^ is — \t\. With this, we define the radial vector of this tubular 
neighborhood 

d '''' d 



a=l 



It satisfies V a = 0, and 



\drb\' = 1. (2.14) 



It also follows that 



and hence 



and 



d , d d , d d , ,„ d d , 

arf, oy^ ar^, ^ oy^ ort, a^' ori, ort, 

^ dy^ ' drt ^ ' 



2.5. Behaviour of the spin structure near the codimension 2 stratum of V 

Let W e TRC{V^). From (I^JU)) . it follows that there exists Y C relatively compact 
so that W — Bf{Y) for some e < e{Y), and that W does not intersect V^, the higher 
codimension strata of V. We denote by r := r2, the normal distance function to V^. Let 
(r, 0) be the polar coordinates in each normal disk Dy C W to y G Y. 

We choose W to be contractible. It admits a trivial spin structure, with spinor bundle Sq. 
The two spinor bundles S'lvKXy ^^'^ "^o become trivial when lifted to a connected double 
cover oiW\Y. We use this lifting to identify sections of S with multivalued sections of Sq. 
In particular, the maximality of the spin structure near V implies the following lemma. 

Lemma 2.15. Let W — Bg{Y) E TRC{V^) contractible. Then with respect the above 
identification on the double cover ofW\Y, each spinor tp onW\Y satisfies 

^(y,r,^? + 2^) = -^(y,r,^), (2.16) 

on each disk Dy C W, the normal disk to y E Y . Therefore the Fourier decomposition of ip 
in this transverse disk is 

^P{y,r,9)^ ^ V^'=(y,r)e''=^ (2.17) 
fee i+z 
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Proof. The first claim follows from the fact that the holonomy of the spin connection is — 1 . 

Let now {/"} be a frame giving a trivialization of the trivial spinor bundle 5*0 over W. In 
this frame 

with ipaiy^^) '■= Jo'' '^a{y,r,s)e~''^''ds. Defining 

a 

we obtain (PTTl) . □ 

The individual Fourier components ^fj''{x,r) in the above expansion are dependent on the 
choice of the trivialization of Sq and so are not globally defined. The next lemma gives the 
dependance of this expansion on the trivialization 

Lemma 2.18. Let W = B^{Y) G TRCiV'^) contractible. Let ^ be a spinor onW\Y, 
and let ^'^{x,r) and '0*''(a;,r) be the Fourier components of ip with respect to two different 
trivializations of So ■ Then 

IIV/ - ^''\\L^W\Y,S\„^Y) < C\\rtP\\L2(^w\Y,SU\y-)- 

Here the constant C > is independent of ip but does depend essentially on the two trivial- 
izations. 

Proof. We continue with the set-up in the proof of Lemma 12.151 Consider another frame 
{ft.''} giving a trivialization of the spinor bundle So over W. In this other trivialization, we 
have 

^iy,r,e) = J2 ^^iy^"-) 

with 



^\y,r) :=Y,i,liy,r)h''^^J2([ 



2tt 

My,r,s)e-''''ds]h'' 



b b 

There exists a matrix valued map q onW, so that the two frames {/"} and {h^} are related 
via h^ — J2a laf"'- With this, the above becomes 



2tt 



a,b 



i E (rMy,r,s){q-\y,r,s))l e'^'^^ds) ql{y,r,e)f^ 

a,b,c ^ ^ ' 

iE(/^^-(y'^'^)e"^'''^*) 
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Thus 



My,r)-My,r) ^^Y.(J My,r,s){q-\y,r,s) - q-\y,0)y, q{y,r,e)ie-"''ds^ /« 

a,b,c 

a,b,c ^ ^ 

Using the Taylor expansion for the components of q(y,r,9) and q^^{y,r,6), it follows that 



both terms on the right- hand- side are of the form 0{r \tj}{y,r,0)\d9). We have 

UHy,r)-i^Hy,r)\\l.^w\Y,si„,^)= f r I \'^\y,r)-i^\y,rtm{y,r,e)rdrd9dy 

Jo Jo Jy 

with m smooth and bounded from above and below by strictly positive constants. (Such an 
m exists since on this neighborhood the metric is quasi-isometric with the product metric 
onW.) Hence 

||V'=(2/,r) - Vi'=(y,r)||i2(^^\y,s|^^^) <Ci jy^ lo 1^^^' ^^l*^*^) ^(^'^'^) rdrdOdy 

<2nCi / / (/ {r\ij{y,r,s)\fds)m{y,r,0)rdrdedy 
Jo Jo Jy Jo 

< 47r^C2 / / / {r\'ip{y,r,s)\)'^m{y,r,s) rdrdsdy 
Jo Jy Jo 

= ^\\^^\\l(W\Y,S\w\y)- 

Here Ci is a positive constant which depends on the two chosen trivializations of 5*0, while 
C2 is a positive constant depending on the upper and lower bounds of m and on Ci. □ 



3. Preliminary estimates 

We will need estimates for the decay of various spinors on the asymptotically flat end of M 
and also near the strata of V. We use two types of estimates: radial Poincare-type estimates, 
and angular estimates near the codimension 2 stratum of V. The angular estimates are a 
direct consequence of the fact that the spin structure on M \ F has holonomy around small 
circles normal to V'^. 



3.1. Poincare estimates 

In this section we gather some Poincare inequalities, which we require to control both large 
scale and small scale behavior of functions and spinors. All the estimates arise as simple 
perturbations of basic Euclidean Poincare inequalities for functions, whose proofs we first 
recall. The passage from inequalities for functions to inequalities for spinors follows from 
Kato's inequality. All the norms in this section are L^-norms. 
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3.1.1. Euclidean Poincare Inequalities 



Proposition 3.1. Let f € iJ^(]R"). n > 2. Let p denote the radial distance. Then 

-2? f 
4 % 



||d/|P>^^^-^||^|p. (3.2) 



When n = 2 we have 



Wf>\ll^/. (3.3) 



Proof. The subspace C^(]R") is dense in if^(R"). Hence it suffices to prove the estimate 
for this subspace. Let / e C5"(R"), and compute in spherical coordinates: 



if- 



1 


n 


- 2 




-2 


n 


- 2 




2 


n 


- 2 



f^p"-^dpda 

g,^-l dp 



n — 2 p 

Dividing through by ||^|| and squaring gives the desired estimate. 

When n — 2, one computes similarly with ^ replaced by j^^j-r^. One needs the extra 
condition /(O) = to extend the estimate to n = 1. □ 

Essentially the same proof yields the following variant of the above proposition. 

Proposition 3.4. Let f G _ff^(M"), n > 2. Let r denote the distance to an affine subspace 
of codimension k > 2. Then 

\\dfr>^^^\\^r. (3.5) 



When k = 2 we have 



Mf>\\\^/- (3.6) 



3.1.2. Poincare inequalities for the asymptotically flat ends 

Let (Af , g) be an asymptotically flat Riemannian manifold of order r > as defined in 
Definition ll.il We modify Proposition [SH] to a form suitable to the asymptotically fiat ends 
{Mi^Yi) of M . Let p denote the puUback by Yi of the radial coordinate in K" \ Bt{Q). 



Proposition 3.7. There is a constant Ci > so that for all f e C{^{Mi), 

Proof. In spherical coordinates we have 

\\ir=ri |/|V"-V(p,'T)dpda, 
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where /x satisfies iJ, — 1 + 0{p ^) and \dfi\ = 0{p ^). Then 

II J l|2 _ / / I i-|2 ,,/„ j„n-2 



Jt Js"-^ op 



n 


- 2 






-2 


i:l 


n 








+ — 


-I r°° 




n 


-2Jt 








n 







\f\' p{p,o)dp^-'da 



I/I — — P dpda 



pl+r/2 



for some constant C > 0. Asymptotic flatness implies \dp\ = 1 + 0{p '^). Hence 

llff<(;r^N/ll' + «||^ll'. 

for some C/ > independent of /. □ 



3.1.3. Radial estimates near V 

We also need Poincare inequalities near the stratified set V. Together with Kato's inequality, 
they give growth estimates for spinors in neighborhoods of each of the strata V'''' of V. We 
derive all these inequalities on tubular neighborhoods in TRC{V'''') (defined in (|2.10l) ') on 
which we have a well-behaved radial distance function r^. Because these estimates use only 
the radial derivative of a function to control its growth, we will refer to these as radial 
estimates. 

Proposition 3.9. Let B,{Y) e TRC{V'"'). There is a constant Cy > so that for all 
ll^^ll'^ (fc^ll^/ll' + ^HI^Il^ ^fh>2, (3.10) 

and 

" "^<4||d/f + Ck|| L,,f ^fkt^2. (3.11) 



Proof. The proof is similar to the proof of (|3.8p . Write 

f f f 

- ' ' \f\'^ r^^^^ m{rb,a,y)drbdady 

\f\'m{rk,a,y)d{r',^-')dady, 



Tb Jo JS^b-ixY 

1 



kb — 2 Jq Jgfcb-i xY 

where m is smooth and multiplicatively bounded. Integrating by parts gives 
„/„2_ 2 r r ,df _,^.fe.-2 



rb h -2 



( ( f p-m{rb,a,y)r^'' "^drbdady 

Jo Js''i,-^xY orb 

f I \f\'^r'r'drbdady 
Jo Js-t.-^xY 9rb 



< 



^ii^ii 11^/11 + ^Hi:^ir, 



'b 
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with Cy a constant depending on the supremum of ^ and |^ on B^{Y) for all e < e(F). 
From here, the resuh folfows. 

The proof when fc;, = 2 is similar. □ 

Remark 3.12. The preceding propositions are written as lower bomids for ||d/|p. In their 
proofs, however, all derivatives but the (generalized) radial derivatives are discarded. Hence, 
these estimates can be rewritten as lower bounds for ||^||^- 

Kato's inequality for a smooth spinor ■0, 

\d\i>\\ < IVV'I (3.13) 

on the support of ip, and the above Poincare estimate give the following radial estimates for 
spinors on M \ V. 

Corollary 3.14. For every B,iY) e TRCiV'"') there exists Cy > so that for any spinor 
ip in the closure of C^{B^(Y) \ V, S) with respect the Hp-norm, 

\\vs^pr>\\\^r-cy\\4Hr ^fh>2, (3.15) 

and 

IIV^VIP > illriTTTTll' - 1/2 , M,., .X (3.16) 



3.2. Angular estimates near V'^ 



Near the codimension two stratum of V, the absence of a zero mode in the Fourier decom- 
position (|2.17p gives us a sharper estimate than the radial estimate (I3.16p . 

We continue with the notation from Section [^31 Let W ~ B^{Y) e TRC{V^) contractible. 
Let (r, 9) be the polar coordinates on each normal disk Dy C W for y £ Y. Let eg denote 
a unit vector in the ^ direction, and Ve^ denote the corresponding covariant derivative on 
the spinor bundle induced from the Levi-Civita connection. Let {ea}"^^ orthonormal 
frame of the tangent bundle to AI on W. Then can be expresssed as 

Ve« = ee - iwafc(ee)c(ea)c(eb), 

where Wah(ee) = g{V ee^a, et)- The orthonormal frame can be chosen so that the uJabiee) 
are bounded on W for all 1 < a, ^ < n. Hence we find that on a normal disk in a suitable 
frame, we have 

V,,=ee + 0{1). 

Since the absolute value of the Fourier coefficient of a spinor ip on M \ V restricted to Dy 
has ^ as a lower bound, we obtain the following angular estimate: 

Proposition 3.17. For tp a spinor on M\V and any W = B^{Y) g TRC(T^^), there exist 
a constant Cy > independent of ip so that on each normal circle Sy (r) centered at y £Y 
and included in W , we have 




(3.18) 



16 



As a consequence, 

W^eMUw) > Iw^WIhw) - CrW^Wh^wy (3-19) 
4. The Dirac operator on M \ V 

In this section we derive the first properties of the Dirac operator on M \ V. We introduce 
weighted Sobolev spaces, and also the maximal and minimal domains of the Dirac operator 
viewed as an unbounded operator on i^-spinors. Then, using the Lichnerowicz formula we 
derive various properties of the Dirac operator on these spaces, which we then use to verify 
that certain harmonic spinors satisfy the growth conditions of Witten spinors. We end this 
section with the proof that the boundary term coming from the asymptotically flat ends in 
the Lichnerowicz formula applied to a Witten spinor is exactly the mass of the manifold. 

Let (Af , g) be a Riemannian manifold which is asymptotically flat of order r > as defined 
in Definition ll.il On each asymptotically fiat end {Mi,Yi) we have the induced coordinate 
system {xi} and the corresponding radial coordinate p{x) = obtained by pulling-back 
the cartesian coordinates on R" under Yi . We extend p smoothly over the interior of M so 
that it is bounded from above by T and from below by 1, and so that it is identically 1 in 
a neighborhood of V. 

We assume that M is nonspin, and let F C if be a stratified set given by Theorem 12.71 
Let S be the spin bundle corresponding to the maximal spin structure on M \ V , and let V 
denote the associated spin connection and D the corresponding Dirac operator. At a point 
X M \ V , D has the form D = Y^^=i c(ei)Vei with {ei, . . . , e„} any orthonormal frame of 
tangent vectors at x, V the spin connection on S determined by the Levi-Civita connection 
of the metric g, and c(ei) denoting Clifford multiplication by the vector e^. 

4.1. Weighted Sobolev spaces of spinors on M \ V and Rellich's compactness 

First we define the weighted Sobolev spaces for spinors which will be used to construct the 
Witten spinors in our main theorem. We also prove a Rellich-type compactness result. 

Each open set in AI \V is of the form W ~ U \ V with U an open set in M. For each W, 
let Ll{W, S) be the completion of C^iW, S) in the norm 

IIV'IU?:=I||||l^, (4.1) 

and Hp{W, S) be the completion of C^{W, S) in the norm 

ll^llif^ :=||VV|U. + |h0|U.. (4.2) 
We have the following version of the Rellich compactness theorem. 

Lemma 4.3. Let U be a bounded open set with smooth boundary in AI and let W — U \ V . 

The inclusion 

Hl{W,S)^Ll{W,S) 

is compact. 
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Proof. Let {V'i} be a sequence of spinors on W, bounded in H^{W,S). We need to show 
that it contains a subsequence which is convergent in L^(W, 5). 

First note that by Kato's inequaUty |rf|V'j||< |VV'j|, and the sequence of functions fj := 
forms a bounded sequence in Hq{U), the completion of Co°(f/) in the iJ^-norm. By Rellich's 
compactness theorem for bounded open sets with smooth boundary in complete manifolds, 
{fj} contains a subsequence, also denoted {fj}, which is convergent in L^{U). 

Let Wi C W2 C . . . C Wk C ... be an exhaustion of W by compact sets with smooth 
boundary. We show that we can find a subseqeunce of tpj which converges in L'^{Wk, S) for 
each k. 

Note that the Wk are compact sets in M which do not intersect V. Let H^{Wk, S) denote the 
set of spinors tp G L^(Wfc) with V'ip & L^- By Rellich's compactness theorem, the inclusion 

H^{Wk, S) ^ L'^{Wk, S) is compact. Since the weight function p is multiplicatively bounded 
on [/, {tpj} C H^{Wk, S) is a bounded sequence for all k. Hence we can find a subsequence 
{V'i.i} of {i^j} which converges in L'^{Wi,S). Iterating this we have: given a subsequence 
{tpj,k} which converges in L^{Wk,S), we can pass to a new subsequence {V'j,fe+i} which 
converges in L'^{Wk+i,S). Taking a digonal subsequence, we produce a subsequence, also 
denoted by {V'j}, which is convergent in L'^{Wk,S) for all k. 

To conclude the proof, we need to show that this {ipj} is a Cauchy subsequence in L'^{W, S). 
We have 

W^j - Mmw,s) = IIV-j - Mli(w^,s) + Wi'i - Mli{w\w^,s) 

< \\tpj - IPlWL^iWk.S) +Cu{\\fj\\L^U\Wk) + \\.fl\\L^{U\Wk))^ 

for Cjj a constant depending on the maximum of p on U. Choose e > 0. Since the sequence 
{fj} is convergent in L'^{U), we can find k large enough and Ni > 0, so that for all j > Ni, 
we have Cu\\fj\\L^(u\Wk) — ^/^- Then, since {ipj} is convergent in L'^{Wk,S), we can find 
N > Ni so that for all j,k> N we have Wipj — '4>i\\Lf,{Wk,s) < □ 

4.2. The Dirac operator and the Lichnerowicz formula 

The Lichnerowicz formula relates the Dirac Laplacian on M \ y to the connection Laplacian 
on spinors: 

D*D = W*V +-. (4.4) 
4 

Here D* and V* denote respectively the formal adjoints of the Dirac operator and the spin 
connection. Since D is a self-adjoint operator, D* = D. 

This equality of differential operators gives the pointwise Lichnerowicz formula: For all 
spinors V € C°°(M \ V, S) we have 

IWI' + - = diy{W), (4.5) 

where W is the vector field on M \ F defined by 

{W,e) = {Veip + c{e)DiP,i,) 

for all e e T(M \ V). 
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When integrating formula (|4.5p on AI\V, the divergence is expected to introduce boundary 
terms from the asymptotically flat ends of M and from V. However, when the spinor ip is 
in Hp{M \V,S), this contribution vanishes. 

Proposition 4.6. Let {M,g) be a nonspin Riemannian manifold which is asymptotically 
flat of order t > 0. Then, the Dirac operator 

D : Hl{M \V,S)^ L^{M \V,S), 

is a bounded linear map which satisfies the integral Lichenerowicz formula 

pVlP = l|VV^|P + i(i?V,V'). (4.7) 

Morever, if the scalar curvature is nonnegative, the Dirac operator is injective on (M \ 
V,S). 

Proof. The boundedness of the Dirac operator follows immediately from its definition. To 
prove the integral Lichnerowicz formula, note that since the metric g is asymptotically flat 
of order r > 0, then in the induced frame {xi} on each of the asymptotically flat ends Mi 
of M we have the scalar curvature 

- 9j(a,.g„- - d,gu) + 0{p-^^-^), (4.8) 

and thus R = 0{p^'^^^). From here it follows that each side of the formula (14. 7|) define 
continuous functionals on [M \ V, S) which agree on the dense subspace {M \V,S). 

The injectivity statement is a consequence of the Lichnerowicz formula. Let tp S {M \ 
V, S) so that D'lp = 0. Since R > 0, formula (|4.7|) implies that tp is covariantly constant. 
Since V' — >■ on the flat ends, it must be identically in order to be in L'^{M \V,S). □ 

The weighted Sobolev spaces H^{M \ V, S) and Lf,{M \ V, S) are well adapted for the 
coercivity results which we prove in Section HI Because M \ V is incomplete, we also need 
to take care in defining the domain of the Dirac operator. As an operator on the smooth 
compactly supported sections of M \ V, the Dirac operator has two natural extensions as 
an unbounded operator on L'^{M \ V,S). The minimal extension of D has as domain the 
minimal domain Domniiu(_D), the completion of C^(M \ V, 5) in the graph norm, WipW + 
||Z?'(/'||. The maximal extension has as domain the maximal domain Domijiax(-D), which 
consists of those V € L'^{M \ V, S) so that Dtp e L^{M \V,S). 

We have the following properties of the minimal extension of the Dirac operator on M \ V. 

Corollary 4.9. Let {M,g) be a nonspin asymptotically flat Riemannian manifold of order 
r > 0. Then the minimal extension of the Dirac operator D on M\V satisfies: 

1. Bom^i,,{D)cHl{M\V,S), 

2. Given %P e Hl{M \V,S),r]'iP£ Dom,ni„(D) for all r] G Cg°{M), 

3. If the scalar curvature is nonnegative, then the null-space of the Dirac operator on the 
minimal domain is trivial. 
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Remark 4.10. In the case of a complete Riemannian spin manifold, the maximal and the 
minimal extension coincide, [GLl Theorem 1.17]. 

4.3. Growth conditions for the Witten spinor 

We now show that an asymptotically constant harmonic spinor constructed as in Section 
11.21 (assuming existence of a solution to Jj.^p ) satisfies the growth conditions of a Witten 
spinor. This result will be used in the Proof of our Theorem A. We start with the following 
regularity result on the asymptotically flat ends. 

Proposition 4.11. Let (M,g) be a nonspin Riemannian manifold which is asymptotically 
flat of order r > 0. If ^ € L^{M \ V, S) and Dv G L^{M \ V, S), then Vv e L^{Mi, S\mi), 
for every end {Mi,Yi) of M. 

Proof. Fix an asymptotically flat end Mi , and let 77 be a smooth cutoff function supported 
in Ml in the region p > L > T and identically 1 in the region p > 2L. Next choose a 
sequence {7^} of smooth cutoff functions on A/, compactly supported in the region p < 2j, 
identically equal to 1 in the region p < j and so that \djj\ < -. Let 7]j := rj"fj. Since 
rjjV G Hp{M \V,S), the Lichnerowicz formula (14.71) gives 

\\D{r^,v)f ^\\V{v,v)f + ^iRrjjV,V,v) 

= ||?7jVw|p + |||c??7j|w|p + 2{rijVv,dr]j ® w) + ^{Rr]jV,r]jv) 
> ^hjVwlP - |||d?7j>|p + ^{Ri]jv,r]jv). 
We expand the left-hand-side of the above 

\\D{r^jv)f = \\Tj,Dvf + \\\dr,,\vf + 2ir,,Dv,cid^,)v), 
and after rearranging, we obtain 

l\h^v\\ < hjDvf + 2{7j,Dv,c{d7jj)v) + 2\\\dij,\vf - ^{R7jjV,v,v) 

< \\Dvf + C\\-r, 
P 

for C > a positive constant independent of j a-nd v. Here we used the fact that since the 
manifold is asymptotically flat of order r > 0, the scalar curvature R behaves like 0(p~'^"^) 
on the asymptotically flat ends (see identity (14.81) '). Hence we may take the limit as j — ?► 00 
to deduce that 77V?; G L'^{MuS\mi)- □ 

Corollary 4.12. Let {M,g) a nonspin Riemannian manifold which is asymptotically flat 
of order r > 0. Let u e Hp{M\V, S) be a smooth spinor so that D'^u G L'^{M\V, S). Then 
the spinor v :~ Du G Dom,nax(£') and Vw G L^(Af;, for each end {Mi^Yi) of M . 

We call a spinor constant near infinity if it is constant on each end Mi with respect to 
a frame induced by the chosen asymptotically flat coordinate chart {Mi.Yi). Let V'o be 
a smooth spinor, constant near infinity and vanishing in a neighborhood of V . Since the 
coefficients of the spin connection associated to the asymptotically flat metric g differ from 
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the coefRcients of the spin connection associated to the Euchdean metric by terms which 
decay hke 0{p^'^^^), it fohows that 

p^+^\Di;o\ and p-'+^lD^M (4.13) 

are bounded on M \ 

As in the case of asymptotically flat spin manifolds (see Section [TT2|) , we construct the Witten 
spinor in Theorem A by solving D^u — ^Dijjo, and setting ip — ipQ + Du. As a corollary to 
Corollary 14. 121 we see that ip satisfies the conditions in Definition [TT7] of a Witten spinor: 

Corollary 4.14. Let {M,g) a nonspin Riemannian manifold which is asymptotically flat 
of order t > . Let tpo be a smooth spinor on M \ V which is constant at infinity and 
supported away from V . Assume that there exists u G Hp{M \ V, S) so that 



Let V = Du. Then the spinor 



D'^u = -Dipo. 



ip ■= V + ipo 



is a Witten spinor. 

Proof. By construction ip is in the null-space of D. From Definition 1 1 . 71 of Witten spinors, 
we only need to check that v G Hp{M \ V,S). Since the spinor ipo is constant at infinity, 
it follows that p''+^\Di}o\ is bounded. Since r > p^+^\Dijo\ e L^{M\V,S), and thus 
the spinor u satisfies the hypothesis of Proposition 14.121 Hence v E Hp (M \V,S). □ 

4.4. Obtaining the mass from a Witten spinor 

For spinors that are not in H^{M \ V, 5), the integral Lichnerowicz formula (j4.7|) need not 
hold, because the integration by parts introduces boundary terms. For the Witten spinors, 
the boundary terms arising from the asymptotically flat ends of M give exactly the mass. 

Proposition 4.15. Let (AI,g) be a nonspin Riemannian manifold which is asymptotically 
flat of order t > Let ipQ be a constant spinor on the asymptotically flat ends of M , 

with — > 1 at infinity. Let ijj be a Witten spinor on M \ V asymptotic to ipo- Assume 
that rj-ip e Dom,nin(-D) for all rj e C^(M). Then 

f |VVP + y|V'P = ^mass(M,g). (4.16) 

Jm\V 4 4 

Moreover, if R E L^(M) and nonegative, the mass is finite and nonnegative. 

Proof. The condition rji/j G Dommin, Vry G C^{M) implies that, as an ideal boundary, 
V makes no contribution when integrating the divergence term on the right hand side of 
the pointwise Lichnerowicz formula (|4.5p . Since ip is a Witten spinor, Dijj — 0, and thus 
integrating the pointwise Lichnerowicz formula (j4.5p on M \ V for this ^p, and applying the 
divergence theorem to its right-hand-side, we obtain 

/ |VtAP + vl'/'l' = y 1™ / (V,?A + c(i.)i??A,V)da. (4.17) 

JmW 4 j-^ p^OO J gr.-! 



1=1 
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Here S^J^ is the sphere of radius p in the asymptoticahy flat coordinate chart (M/, Y/) with 
outward normal vector ly and volume form da. Let v = ^ — i/jq. We split each integral on 
the right-hand-side of (|4.17p into three integrals 

{\/^^po + c{iy)D'iPo,ijo)dcr + / {\/^v + c{u)\/^v,^/jo)da+ / {\/^i;,v)da. (4.18) 

As follows from Witten's proof (see jBarllPTllLPj V the first integral converges to mass(M;, 5) 
as p — > 00. It remains to prove that the other two converge to as p — >■ cxd. 

In the second integral, we rewrite the integrand in an orthonormal frame {ei}i, with 61 = 1/ 
as 

j=2 3=2 j=2 

^{l^H'^e,'^),ciej)]v,i:o) -^(-[c(j/),c(ej)]w,Ve,V'o)- 

(4.19) 



J=2 j=2 



We recognize the first two sums on the right hand side of Equation 14.191 as the divergence 
(on the sphere) of the vector field 



n ^ 

U ^(:r[c(i^),c(ej)]w>o) 



'2 

Hence these terms integrate to zero on the sphere. The third term on the right hand 
side of Equation 14.191 vanishes due to the symmetry of the second fundamental form A of 
S^^J^ C Ml. Explicitly, we have 

n n 

^[c(Ve^.t^),c(ej)] = A{ej,ei)[c{e,),c{ej)] =0. 
Thus, it remains to evaluate 



lim / V'(i[c(i^),c(ej)]w, Ve,-0o)c^cr + lim / {\/^i:,v)da 



'^P.l j=2 



lim / ((w,V^Vo + c(i^)i:'^/'o) + (V^V,«))rf'T. (4.20) 



Since tpo is asymptotically constant, VV'o — C'(p^^^^), and since r > Vi/'o € L'^{M \ 
V,S). Moreover since V is a Witten spinor, ^ e L'^{M\ V, S) and VV' e L^{Mi) for ah 
asymptotically flat ends (M;,!^;). Hence, as a function of p 

((«, V,Vo + c(i/)-DV'o) + (V,V, «)) dff € Li([T, cx)), ^), 

p 

which implies that the integral converges to as p ^> cx) . □ 
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5. Growth estimates near V for spinors in the minimal domain 

We now turn to the study of spinors near V. This will occupy the next two sections. In 
this section, we derive growth estimates near each stratum of V for spinors in the minimal 
domain. For this we use the Lichnerowicz formula together with the radial and angular 
estimates near V obtained in Section |31 We also give conditions guaranteeing a spinor is in 
the minimal domain. 

Lemma 5.1. Let u £ Dom,„iii(Z)) with u supported in W £ TRC(F^). Then 

\\Dur>l\\-r+l\\-^,r-cw\\^\\, (5.2) 

for some constant Cw > 0, depending on W and independent of u. 

Proof. Since u € Domain the Lichnerowicz formula (|4.7p gives 

\\Duf > \\Vuf. 

The estimate p.l9p for the angular derivative and the estimate p.l6p for the radial deriva- 
tive combine to give the desired estimate. □ 

Lemma 5.3. Let u G Dommin(£') be supported in W e TRC{V'^'') with kb > 2. Then 

\\Dur>^-^^^^\\-r-cw\\^r, (5.4) 

where Cw > is a positive constant depending on W and independent of u. 

Proof. Since u is supported in G TRC(V'''') with fcf, > 2, the Lichnerowicz formula and 
the radial estimate p.l5|) give the desired estimate. □ 

As a consequence of the previous two Lemmas, we have 

Corollary 5.5. Let u G Domain (Z?). Then for any b so that V'^'' is nonempty, 

- e L^{W\V,S\w\v) for all W e TRC{V'"^). (5.6) 
rt 

We also have a useful partial converse result. 

Lemma 5.7. Let u e Dom,nax(£')- If for all b so that V^'' is nonempty and for all W € 
TRC(F'=^), ^ e L^{W), then u e Domain (£>)■ 

Proof. It suffices to construct a sequence of spinors in Dom,„i,i(£)) that converge to u in the 
graph norm of D. Note that since the closure of the asymptotically flat ends of the manifold 
are complete, u G Domi„ax(-D) implies that G Domi„in(-D) for any smooth, C^-bounded 
X supported away from V. Therefore, we can construct our desired sequence, by using cutoff 
functions supported in the complement of smaller and smaller neighborhoods of V . 

Let {7m}m be a sequence of smooth functions 7™ : (0, 1) — >■ K satisfying 
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1- < 7m(i) < 1 vanishes in a neighborhood of 0, 
2. 7m (0 = 1 for t > 26-"'", and 

Piecewise differentiable 7™ satisfying these properties are easily constructed by letting 7'^ (t) 
be the product of ^^^"^^i^ and the characteristic function of the interval [e~'^ ^ ,e~'^ ]. 
Smoothing the characteristic function of the interval suffices to construct smooth 7„i- 

Let 2 = k2 < < ■ ■ ■ < kp denote the codimensions for which V^^ is nonempty. The highest 
codimension stratum, V^" , is a compact subset of M. Take W^^ := B^^{V^'') G TRC(y^) 
for some ep > 0. Extend Tp from W'^'' to M as a smooth, nonnegative eventually constant 
function, bounded above by i. Then {7m(7'p)u}„ converges in to u. By hypothesis, 
JL e l2(T4^'=p), and therefore | [i?, 7„,(rp)]u| < ^-^^ e L^. Since 

Di77nirp)u) = [i:),7,„(rp)]u + 7m(?'p)£'u, 

and 7m — > 1 pointwise, Lebesgue's dominated convergence theorem implies [D , ^m{'''p)]u 
converges to in i^-norm, and D{'jm{rp)u) converges in to Du as to — > 00. 

Consider now ^m{rp)u for m fixed. By construction, this vanishes on i?e(m,p)(V"'^'') C W^'' 
for some e{in,p) > 0. Observe that for any e > such that Bg{V''''^^ \ Si(:(m p)(^'^'')) ^ 
TRC(F'=p-i), B,(l/'=f-i\Bi,(„_p)(V"'=>'))UBe(m,p)(^'''') is a neighborhood ofV^^p-i. Extend 
Tp-i from p)(^'^'')) a-s a smooth, nonnegative, eventually constant function 

on M, bounded above by i. Then each of the spinors {7^(?'p_i)7m(?'p)w};i is supported 
outside a neighborhood of V'^p-^. For e fixed and sufficiently large [f, 7p(?'p_i)]7m(»'p)u 
is supported in B^{V''p-^ \ -Bie(m,6)(^'^'')) and satisfies 

|[i?,7p(rp-i)]7™(rp)«| < , e 

Hence we may again apply the Lebesgue dominated convergence theorem to conclude that 
lfi{rp-i)'-fm{rp)u -> 7m(?'p)u and D{'j^{rp^i)^m{rp)u) D{j,n{rp)u) as 00. 

Proceeding inductively backwards on fcf,, we construct a sequence of spinors in the minimal 
domain of D which converge to u in the graph norm of D. Hence u G Domniin(^)- CH 

6. Improved integral estimates for harmonic spinors near V 

For harmonic spinors, we can improve the growth estimates of Section [5] In this section, 
we use the lower bound estimates derived in Section [S] to obtain weighted integral estimates 
for spinors u in the minimal domain of D satisfying D^u = in a neighborhood of V, and 
for the spinors v = Du. We conclude with a result which gives a sufficient condition for v 
to be in the minimal domain of D. 

Our main tool is a technique of Agmon, Ag , which we now present. If u G Domniin(-D), 
then fu G T)om^in{D) for any bounded, piecewise differentiable function /, with bounded 
derivative. Hence we have the following identity 

{D^u,fu) = \\D{fu)r-\\[DJ]ur. (6.1) 
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Combining this identity with the Lichnerowicz formula, we have 

2 I ^fDf„. -f„,\ urn -fl„.l|2 



{D'u, f'u) = II V(/^.)||^ + fu) - II [D, /] 



u\ 



4^ 

We refer to either of the expressions (I6.ip or (|6.2I) as the Agmon identity. In this section 
we apply this identity, together with the radial and angular estimates which we derived in 
Section [3l to obtain our desired estimates. 

6.1. Estimates near the codimension 2 stratum of V 

We prove first estimates near the codimension 2 stratum V'^. 

Lemma 6.3. If u E Dom,„i,i(£') with D^u = in a neighborhood of , then 

— " ^ e L^{W\V,S\w\v) (6.4) 

for alla>0 and for all W G TRC{V^). 

Proof. From the definition ()2.10p . given W G TKC{V^), there exists a relatively compact 
subset Y of and e < e{Y) so that W = Bf{Y). Without loss of generality we can assume 
that D^u = in an open set W G TRC{V^) containing W. 

Let ( € C^{W') with < ^ < 1 and ^ = 1 on W. Given a > 0, we define the sequence of 
functions 

'Cr-i/2 In-'^(i) forr>i 
CTO^/^ln"°(m) forr<^. 
Then, the Agmon identity (j6.ip applied to the functions /x^. 



= (D'u.fiiu) = \mfi^u)\\' - ||[Z?,/i. 
together with the estimate (|5.2p give 



> - 



1 II Il2 1 II Mm'^ ||2 lim 1 I|2 w f^rn'^ \\2 



--^^f-\\[D,^^„M'-Cw'\\^r, (6.5) 



4 r 4 rl 

with the constant Cw' depending on W' . Expanding [D, ^.m]u, we see that for large enough 



|[^,Mm]«ir < -A 



l||/^m^ll2 II l^ra'^ \\2 , 2|| ||2 



4 r 



" ^""rln^/^(i)" "rln(i)" +"^''"i°°(^')ll;a72 lli^(H")+'^C'^ll7lli"(W'')' 



with C(;^_£ a constant depending on ||dCllL°=(i4") ^.nd e. By Corollarv l5.51 Il7lli2(-^y/-) is finite. 
Plugging this expansion back into (j6.5p gives 

Taking the limit as m cx), it follows that 

for all a > 0. □ 
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Lemma 6.6. Let v = Du, with u as in the previous Lemma. Then 



V 



,V2lnV^+^(l) "^(^\^'^'^\") (6.7) 
for alla>0 and for all W G TRC{V^). 

Proof. Let W and C be as in the proof of Lemma [6?3l We modify the sequence of functions 
in the proof of the preceeding lemma to 



Mm(f) 



Cm^/^ In-^^^-^im) for r > ^. 



The Agmon identity (|6.ip applied to fim gives 

\\D{^1^U)\\^ = \\[D,fim]u\\^. 

The preceeding lemma implies that || is uniformly bounded as m — >■ oo. Hence, 

taking the limit as m — ^ (X) we obtain 

Writing 

^r^/2^„l/2+afl■^) .l/2l„l/2+a^l^ + ^ ' .1/2 1/2+a ^ i ^ ^ 



-/2lnl/2+a(i)^ rl/2lnl/2+a(i) ^ '^l/2lj^l/2+a(i)J ' 



expresses ^1/2 j„i/'2+a(-j.-) as the difference of i^-sections. Hence it is square integrable. □ 
6.2. Estimates near the higher codimension strata of V 

Now we prove similar estimates to (j6.4l) and (j6.7p near the higher codimension strata of V. 
These estimates will be in terms of r(,, the distance to the stratum V'''' . 

Lemma 6.8. If u E Dommin(£') and D^u = in a neighborhood of V'^'' in M \ V with 
kf) > 2, then 

-TJjrTJ^T^^^I^'iW\V,SM (6.9) 

b \rt' 

for all W e TRC{V'"') and for alla>0. 

Proof. The proof is similar to the proof of Lemma l673l with (|5.4p replacing (|5.2p . It consists 
of two steps. In the first step we show that 

^eL^{W\V,S\w\v) (6.10) 

^b 



for all a < ^6/2 and for all W G TKC{V'^''). In the second step we prove 
Step 1: 

Let W e TRC(1^'^''). By (I2.10p . this means that there exists Y a relatively compact subset 
of V*'* and e < e{Y) so that W = Be{Y). Without loss of generality, we can assume that 
D^u = in an open set W G TRC(V^'''') containing W. 
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Let C e C^{W') with < C < 1 and C = 1 on W^. Then the Agmon identity apphed 
to the sequence of functions fimC defined as 



n " for n<^^ 
^ to" for rt> ^, 



gives 

0^\\D{pi„^CnW-\\[D,^i„^(:]uf. 
Applying (|5.4p to the first term, we obtain 

o>^^^-^||^IP-Ch^'I1^II-||[Am™C]«IP (6.11) 

with Cw' ^ constant depending on . Expanding [Z),^^^^]w, we have 

Here Xm denotes the characteristic function of r > and Xdc th^ characteristic function of 
the support of dC. Plugging this into (|6.1ip . we obtain 

NCIIl~(vi/')II^™"IIl"(w) + 2a||rfClU°^(vi/')ll "^""^yf r + C'H"l!^i7jllL2(ty,) 

^ (fcfc — 2)^ . /XmC''^ ||2 ^2 II A*™C'^ jj 2 

Assuming that a,+i/2 & L'^{W' \ V, S\w'\v), it follows that the the left-hand-side above is 
bounded by a constant independent of m. Hence we can take the limit as to — )■ oo and 
conclude 

-^eL'{W\V,S\w\v) 

as long as a < (fcb — 2)/2. 

By Corollarv l5.51 we know that ^ G L^{W' , S\^r,\Y). Starting from here, and bootstrapping 
using the above argument, we obtain (|6.10p . 

Step 2: 

We have the same argument as in the proof of the first step, only that now we take 

( forr,<i 
[m('=''-2)/2ln-'^(TO) ioTn>^, 

for a > 0. This time, expanding [_D, /imCl'^'i obtain 

II [D, ^iraQuf - II [D, ^ira]Cuf + 2{[D , ^im]Cu, ^ira[D , C]u) + \\lXra[D, C]u||' 

^ (fcb — 2)2 /iniC^ ||2 ^1^^ 2)a|| Il2 I „2|| MmC"*^ ||2 



I ^b ^IIJ/-ll II MmXmC ^ ^||2 I II JAM II t^mXmC ^ ^ | 

+ ^-||rfC||L^(V^0H ^1/2 II +«IMCIU^(M.0II ^1/2^^V2.m ' 

+ ll'^Clli~(W')llMmXdC"ll^- 
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Plugging this into (|6.1ip . we obtain 

(fcfc - 2)a II II -a II , 1 , H 

fcb — 2 ^^mXmC / ^ ||2 I II J/- 1 1 II t^mXmC ^ 112 

< NCIIl-(v^')II 17^ — II +«II^CIIl^(woII 1/2^ 1/2, 

+ ll'^CIIi-(woll'^™^'^C"lP + <^H''||^^77j^||- 

By the first step, we know that the right-hand-side is bounded by a constant independent 
of m. Therefore we can take limit as m — > oo and conclude 

for all a > 0. □ 

For V — Du we have now the following estimate near the higher codimension strata. 
Lemma 6.12. Let v = Du, with u as in Lemma \6.8[ Then 

for all W e TRCiV'"') and all a > 0. 

The proof is similar to the proof of Lemma 16.61 using the result of Lemma 16.81 
6.3. A sufRcient condition for v to be in Dom,nin(£') 

The following result gives a sufficient condition for the spinor v ~ Du, considered above, to 
be in the minimal domain of D. 



Proposition 6.14. Let v — Du with u G Dommin(Z?) and D^u = in a neighborhood of 
V. If ^1,. € L'^iW \ V,S\w\v) for all W e TRC{V^), then rjv G Dom„,i„(i?), for 

all T] e C^(A/).'' 



Note that the hypothesis is stronger than the estimate we obtained in Lemma 16.61 in par- 
ticular, it rules out |ti| growing like r~^/^ near V^. 

Proof. We show that v satisfies the hypotheses of Lemma 1^771 By Lemma [6. 121 we have the 
desired estimates near the higher codimension strata V'''' with > 2. The only difficult 
stratum is V^. Let W € TRC(y2), and let W € TRC{V^) containing W. Let C € Cg°{W') 
with < C < 1 and = 1 onW. Let {7m('')}m be the sequence of cutoff functions described 
in Lemma 15.71 Define another sequence of bounded, piecewise differentiable functions by 



1 for r > i. 
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and let Xj denote the characteristic function of the support of dfij. The estimate (|5.2p 
apphed to ^m^^jC,v G Doniniin(Z3) gives 

iii5(7™M-)iP > \f-^r - cw,f-^r. (6.15) 

On the other hand, since Dv = on the support of C, 

+ 2([i:',7™]/ijCw,7mAij + ^c(er)7mMiC«) + 2(7mMj C]^', -^cierhml^jCv)- 

Since ^1/2 ini/2(i) G L'^{W') by hypothesis, the Lebesgue dominated convergence theorem 
imphes that 

lim (([L',7™]/ijCu,7™/ij[£),C]w + ^c(er)7™^jCw) + \\[D,j^]fijCv\\'^) = 0. 

Hence, substituting the above expression for ||£'(7„i/ijCf )|P into (|6.15p and taking the hmit 
as m — >■ c» yields 

\\^,[DX]vr + 2{j,,[DX]v, gc(e.V,C^) > ^|| ~ ^ CwW^W- 

Taking now the limit as j — > 00 gives 

yir<cw'\\^r+\\[D,(:]vr, 

and therefore ^ G L'^{W, S\]Y\y). We may now apply Lemma [STZl to deduce v G Dominin(Z?). 

□ 

7. Estimates on the asymptotically flat ends of M 

In this section, we show that if u e Hp{M \ V, S) is a smooth spinor with D^u satisfying 
certain decay estimates, then u satisfies weighted integral estimates on the asymptotically 
flat ends of M. These results are used to prove Theorem A. Such estimates are not new 
(see [Earl IPTj ). but we choose to obtain them here using Agmon's identity in a manner 
similar to the proof in Section [B] of our weighted integral estimates near V. 

We first record the extension of Agmon's identity (|6.ip from Dommin(£') to H^{M \ V,S). 

Lemma 7.1. Let u € H^[M \ V, S) be a smooth spinor. Then for any bounded, piecewise 
differentiable function f , with bounded derivatives, satisfying \df\u € L^(M \ V, S) and the 
pointwise inner-product {D'^u, f'^u){x) € L^{M\V), we have the following identities in 
L^-norm on M \ V : 

{D^uJ^u)^\\D{fu)f -\\[D,f]ur = \\V{fu)f + \{Rfu,fu)-\\[D,f]uf. (7.2) 

Proof. Since u £ Hp{M \V,S), rju £ Dominin(-D) for aU rj e C^{M). Choose a sequence of 
smooth compactly supported functions r^j € C'^{M) so that < jy^ < 1 is supported in the 



29 



region where p{x) < 2j, is identically 1 where p{x) < j, and satisfies \drij\ < -. Then by 
Agmon's identity (|6.1I) . we have 



{D'u,fvh) = \\D{vjfuW-\\[D,ij,f]uf 

= \\v,D{fu) + [D,ij,]fuf-\\[D,^,f]ur. 

Since ^ and D{fu) are both in L?'{M\ V, S), and since \drij\ < |, the Lebesgue dominated 
convergence theorem gives 

2irijDifu), [D,7j^]fu) + \\[D,rij]fuf ^0 as j ^ cx). 

Hence, we may thus take the limit as j — >■ oo of the preceding equalities to get 

{D'u,fu) = \\D{fu)r-\\[DJ]ur. 

The second part of the identity (|7.2I) follows similarly, using the Lichnerowicz formula (|4.7|) . 

□ 

We first illustrate the use of this Agmon identity to derive, in our context, the standard 
result that p^+^D^u e implies e L'^. 

Proposition 7.3. Let (M^^g) be a nonspin Riemannian manifold which is asymptotically 
flat of order t > and has nonnegative scalar curvature. Let u £ Hp{M\ V, S) be a smooth 
spinor. If there exists a positive real number < a < so that p'^^^D^u G L'^{Mi, S\nji) 
for each asymptotically flat end Mi of M , then 

p^-^uG L^{M\V,S). (7.4) 

Proof. Let 77 be a cutoff function, < rj < 1, supported in the region of M; where p{x) > L 
and identically 1 in the region where p{x) > 2L, for some L to be fixed later. For each 
positive integer m, consider 

p"" if P < fn, 
m°' \i p > m. 

Then (|7.2p applied to the functions /im??, gives 



{D^u,p^^i]^u) = \\D{n^f]u)\\^ ~ \\\[D,PraVM^, 
and since we assume that the scalar curvature is nonnegative, 

{D^u^pl^rl'u) > \\V{p^7^u)\\^ - \\[D, PraVM^ 
Applying the Poincare inequality p.8p on the asymptotically flat end Mi of M, we obtain 

/ 7-i2 2 2 \ \ ~ 2)^ /i,„77U 2 iirT-, 1 ||2 \\ l^m'n'^ u2 /'7t;^ 

{Du,p„^r]u)> -\\[D,prnV\u\\ -Ci\\^-^\\ . 7.5 

4 p p^^-2 

We expand the term || [13, /i„j77]u|p into 

||[i:),/im77]u|p = ||[D,^,„]77u|| + 2{\D,p„\r\u,prn{D,r\\u) + \p„XD,r^u\ 

< l|[^,Mm]'7"ll + C'i).a||X<i>)"lP 

2|| Mni^W||2 I /-( II ||2 



30 



for TO large enough. Here Xm is the characteristic function of the set p{x) < to, Xdri is the 
characteristic function of the support of drj, while C,,^a > is a constant depending on rj 
and a, and independent of u and to. Plugging this into (17. 5p we have 

II l+a 7-i2 II II II \ /" 7-i2 A*™ 2 N 

\\p ^ D u\\ 77 u\\ > iHmpD u, 77 U) 

P P 

({n-2f 2\ II Mm?7M||2 , ("--2)2 n^r]U 2 ^ II ||2 ^||Mm'?"||2 

\ 4 J p 4 p 

Hence for a G [0,^^-^) fixed, \\xm ^"^^^ | is uniformly bounded as to — )■ 00. Therefore, 
p^'-iyyu e L2(M\y,5). □ 

In the case when D'^u vanishes on the asymptotically flat ends, the previous result is simply 
the integral version of the fact that I? spinors u that satisfy D^u = at infinity, decay 
pointwise like ©(^-"+2) on the ends, and thus p^-^-^u G 1?{M \ V, S) for all e > 0. This 
result can be sharpened for spinors that satisfy Du = at infinity; such spinors decay like 
0(p^"+^) on the ends, and thus p^^^^'^u G L^{M \ V, S). We provide the intergal version 
of this estimate too. 

Proposition 7.6. Let {M,g) be a nonspin Riemannian manifold which is asymptotically 
flat of order r > and has nonnegative scalar curvature. Assume u is a smooth spinor so 
that Du is compactly supported and p~^u G L'^{M \ V^S) for some b G [0, -^^-j^)- Then, 

p^-^-'u G L^(M\V,S) 

for all e > 0. 

Proof. Let 77 be a radial cutoff function supported in the region of Mi where p{x) > L and 
identically 1 in the region where p{x) > 2L. We choose L large enough so that on the 
support of T] we have Du = 0. For a fixed a > b and for each positive integer to, we consider 
the sequence of functions 

if p < TO, 
\i p > m. 



Since Du — on the support of 77, it follows that 

D{pmm) = [D,pm'n\u G L^{M \ V, S). 

Since by construction praW € L?{M \V,S), it follows that pm^u G Domniin(L') C H^{M \ 
V). Therefore we can apply both the Lichnerowicz formula (|4.7p and the Poincare inequal- 
ity p.Sp to this sequence of spinors. 

The Lichnerowicz formula gives 

\\[D,p,r^ri\u\\'' > ||V(p„ryu)||2. (7.7) 

Now we want to make use of the so-far unused orthogonal directions to v, the unit vector 
in the direction of in the term ||V(/im77w)|P- For this, let V° denote the covariant 
derivative in directions orthogonal to v. The equation Du = implies that we have the 
pointwise inequality 

lMm?7c(i^)V,.u|2 = \p^r] {D ~ c[v)Vy) u\^ 
< (n-l)|/i„77V%|2. 
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With this, (17771) becomes 

\\[D,^irar]\uf > \\V,{^immW + -^\\^hnV'^ (7.8) 

For sufficiently large m, the last term on the right-hand-side is greater than j;zrY\\XmP°"n^ uuW^ , 
with Xm the characteristic function of the set p < m. For this we have the following weighted 
Poincare inequality: 

This inequality is proved in the same fashion as the Poincare inequality in Proposition 13.71 
We remark that the boundary term corresponding to p = to arising in the bounded domain 
1 < p < TO of this Poincare inequality may be discarded because its sign is fixed and helps 
rather than hurts the estimate. The other boundary term does not contribute, since r] 
vanishes there. 

Expanding [D, /i,„77]u in (j7.8|) . and using the usual Poincare inequality for the term || V,y(/imr7u)|| 
and the above weighted Poincare inequality for fJ^mV'^ u^W^ , we obtain 

|d?7|u|p -I- 2{\u\r]dp.rn, \u\nmdri) 

4 p 4(n — 1) p 2 

^ ' (n - 2)2 ^ {n + 2a- 2)^ ^ h Xm/^m?7" 1,2 



4(n - 1) / p 

(»- 2)2 _ II (1 - Xm)^^,nVU u2 _ ^ || A^m^" ||2 

4 / p pi+5 

Since drj is compactly supported, the left- hand-side is uniformly bounded as to — )• 00. 
Moreover, since b < -^^y^, after eventually shrinking the support of 77 by choosing L larger, 
the negative term on the right- hand-side can be absorbed into the first two terms, as long 
as a satisfies 

(n-2)2 (n + 2a-2)2 „ , ^ 

—T^ + ^^7 TY^ - a2 > 0. 7.9 

4 4(n - 1) 

Equivalently for n > 2, 

Y - i > - (7-10) 
which (for ri > 2) holds for all a G [0, ^). Hence taking limit as to — 00, it follows that 

p''-^u^L^{M\V,S) (7.11) 

as long as a > f . Thus pt-i-<^u e L^{M \ V, S) for ah e > 0. □ 



7.1. More estimates on the asymptotically flat ends of M 

As a further application of Agmon's identity (|7.2p . we use it to derive L^'-estimates for 
spinors on the asymptotically flat ends of M . These results will not be used for the proof 
of our main theorems but are useful in the proof of pointwise estimates. 
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Proposition 7.12. Let {M,g) be a nonspin Riemannian manifold which is asymptotically 
flat of order t > and has nonnegative scalar curvature. Let u £ Hp{M\ V, S) be a smooth 
spinor so that p^^^\D'^u\ is bounded for some b>l. Then 

^ e L\Mi) (7.13) 
P 

for all p > 1 and for all asymptotically flat ends (Mi, Yi) of M . 

Proof. Fix an asymptotically flat end Mi, and let < ?/ < 1 be a smooth cutoff function 
supported on Mi in the region p{x) > L and equal to 1 in the region p{x) > 2L. We 
choose a sequence {7^} of smooth cutoff functions, < 7^ < 1, compactly supported on 
M, supported in the region p{x) < 2j, identically 1 in the region p(x) < j, and so that 
MTjI < Let r]j := rj-fj. 

We consider the bounded positive smooth function / : (0, +00) — > (0, +00) 

fit) = (7.14) 
for some positive constant a > and p > 0. Observe that this function satisfies 

(|w"»)'-('»'-bTTF(sW<"')'' 

Define the sequence of bounded functions on M, 

f.j{x) r}j{x)f{\u{x)\), 
to which we apply Agmon's identity (|7.2p : 

{D^u,f]u)>\\V{f,u)f~\\[D,fM? 

> \\v,V{fi\u\)u)r + 2i7yV {f{\u\)u),dr,, (g> f{\u\)u) + \\f{\u\)\u\dr,,r 

- \\fi\u\)\u\dv,f ~ 2{drj, ® f{\u\)u,r^,d{f{\u\)) ® u) ^ h,>|d(/(|u|))||2 

> \\7^,d{fi\u\)\u\)f + 2(7y,V(/(|w|)u),d77, ® fi\u\)u) - 2{d7^^ ® fi\u\)u,7^jdif{\u\)) u) 
-\\rj,\u\d{fi\u\))r, 

where on the last line we have used Kato's inequality (I3.13[) . To estimate the left-hand-side 
we use the boundness of p^''^^\D'^u\ from the hypothesis, while on the right- hand- side we use 
the inequality ()7.15p to estimate the first and the fourth term, and we group together the 
second and the third, to get 

Wp'+'dMl^ \\p-'-'v]fi\u\r\u\h. > ^-^||,,,.d(/(H)|^|)|p + 1(^7^2^ /(i^D^di^p). 

Observe that 

7J,ix)'fi\u\{x)r\u\{x)< 



\u\{x)^ if|u(a;)|<l 
a-^\u\{xf if |ii(a;)| > 1. 



Note that since 6 > 1, p{x) ^ ^\u{x)\'^ G L^{M). Hence by Lebesgue's dominated conver- 
gence theorem, the term \\p~''~^r]'^ f {\u\)'^u\\ converges to ||p~''~"^?7^/(|u|)^u||ii as j — >■ 00. 
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Moreover, for j > 2L we have drj^ — drf' + d'y^ , and since ah the terms containing d'jj 
converge to as cx), we can take the hmit as j — > oo to obtain 

Wp'+'dMl^ \\p-'-Wf{\u\)ML^ > ^^^\mf{\u\)\u\)r + \{drfj{\u\fd\u\'). 



To apply the Poincare inequality p.Sp . we rewrite the above as 



> (^^IM(^/(l"l)H)f- (^^(l«M(^/(l"l)),/(H)Hrf^) 

^ •\f{\u\)\u\d^f + ]-{dr^\f{\u\fd\u\'') 



Since drj is compactly supported, all the terms containing drj are bounded by a constant 
Ci = Ci(p, llxdijl^^llli^i > which is independent of j and of a. Here x^,, 

denotes the characteristic function of the support of d-q. Thus 

II 6+ln2 II II -fc-l 2fn |n2 n , ^ (» - 2)^ 1 1 (I" I )" 1 1 2 r< || ^/(l"l)" ||2 

Hp lip Ti f{\u\) u\\li + Ci>j^-^\\ — - — II -Gil -j^^ II 

Since t > 0, we can choose L large enough so that the negative term on the right- hand-side 
is absorbed into the positive term. Therefore, 

C2\\p-'-Wf{\u\)MW + c,>\\^-iMhf 

p 

for positive constants C2, C3 independent of a. Note that since tf{tf < i^P+i, applying this 
to the left-hand-side of the above, we obtain 

C,||^^|P + C3>||^^»|P 
P P 

I IP+ — 

for all a > 0. Assuming that ^^^^^ — - € L'^{Mi) and taking the limit as a — >■ 0, it follows 

that ^-^^^ — G L^{AIi). Now the argument follows by induction, since we know that j G 
L^{M\V,S). □ 



8. Coercivity for the Dirac operator 

In this section we prove two coercivity results. The first one is for the Dirac operator on 
H'p{M\V,S): 

Theorem 8.1. Let {M,g) be a nonspin Riemannian manifold which is asymptotically flat 
of order r > and has nonnegative scalar curvature. Let S be the spinor bundle of a 
maximal spin structure on M \ V , with V a stratified space given by Theorem \2.7\ and D 

the corresponding Dirac operator. Then, there exists a constant A > so that 

11 

||i:>u|| > A||-|| (8.2) 
P 

for allu in Hl{M\V,S). 
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As a consequence we derive an invcrtibility result for the Dirac Laplacian. 

Corollary 8.3. Assume the hypotheses of Theorem \8.1\ hold. Then for each smooth spinor 
on M\V so that p^! £ L'^{M \V,S), there exists a unique spinor ^ e Hp{M \V, S) so 
that D'^<^ = ^f. 

Proof of Corollary \8.3\ Let B be the bilinear form on H^{M \ V, S) defined by 

B{u,v) := {Du,Dv). 

Clearly B is bounded on Hp{M\V, S). By Equation [521 and the Lichnerowicz formula (|4.7p . 
we have 

B{u,u)>hwur+^\\-r>c\\urm, 

with C = min{i, ^}. Thus, B satisfies the conditions of the Lax-Milgram Lemma. We 
apply this lemma to the linear functional on Hp{M \ V, S), 

L{v) 



which is bounded, since p'^ G L'^{M \ V, 5). Hence, there exists a unique <1> G Hp{M \ V, S) 
so that 

= L{v). 



In particular, 

for ah V e C(^{M \V,S). This implies that $ is a weak solution to = Since ^ is 
smooth, elliptic regularity implies that $ is smooth and is thus a strong solution. □ 

Proof of Theorem [STTl 

Because Dommin(-D) is dense in H^[M\ V^S), it sufiices to prove inequality (|8.2p for u £ 
Domi„in(-D). By Corollarv 15. 5[ the null-space of D on its minimal domain is trivial. We 
need to show that is not in the essential spectrum of D. We prove this by contradiction. 

Let {uj} be an infinite L^-orthonormal sequence of sections with Uj G Domniin(-D) satisfying 
||I?Mj||i2 — > 0. Since i? > 0, the Lichnerowicz formula (|4.7p implies that {uj} is a bounded 
sequence in H^{M \ V,S). By the compactness Lemma 231 we may pass to a subsequence 
(still denoted {uj}) which converges strongly on compacta in and weakly in Hj^ to a 
section u € Hl{M\V,S). Since D : H^iM \V,S) L^{M \ V,S) is bounded, weak 
iJp -convergence implies that u lies in the null-space of D. By Corollarv l5.51 it follows that 
u — 0. We show that our hypotheses prohibit this and arrive at a contradiction. 

Consider the sequence {uj} C Domain (Z)) which converges to zero strongly on compacta 
in and weakly in H^. Next, we observe that the sequence must also converge to zero 
in ip-norm on the asymptotically flat ends. To see this, choose an end. Mi, and let rj be 
a cutoff function, which is supported in AIi and identically 1 in a neighborhood of infinity 
in Ml. Clearly ||L)(?7Uj)||/,2 — ^ 0. Moreover the Lichnerowicz formula and Kato's inequality 
combined with the Poincare estimate (|3.8p on this asymptotically flat end give 



\D{^u,)f > \\W{vu,)f > \\d\r,u,\f > (!L_JL||!^||2 _ Qll^l 



35 



Shrinking the support of 77, we can absorb the negative term above and conclude that 
— ?> 0, as claimed. Since p = 1 in a neighborhood of V, it follows that the L^-mass 
of the sequence accumulates in an arbitrarily small neighborhood of V. We show that this 
cannot happen. 

We first show that for any stratum V'^'' of V and any W G TRC(1^'^''), the sequence 
{|l7f-|U2(iy)} is bounded. To see this, let W € TRC(y'"') be an open set containing W, 
and C G C^{W') with < C < 1 so that C = 1 on WK. Since 

\\D{Cu,)\f <2\\[D,(:]u,f + 2\\Du,f, 

our hypothesis implies that {D{Cuj)} is uniformly bounded in L^-norm. Since (uj € 
Domain (-D), when fc^ > 2 the estimate (|5.4p gives 

while for fcb = 2 the estimate (|5.2p gives 

with Cw a positive constant depending on W' . Shrinking the radii of the tubular neigh- 
borhoods W and VF', we can absorb the last terms into the left-hand-side terms of each of 
the above formulas, and conclude that the sequence {||^||l2} is uniformly bounded. 

Since in L^-norm the sequence \uj \ converges to zero on any compact subset of M\V , while 
{|l7f"llL2(w)} is uniformly bounded for any W £ TKC{V'^''), it follows that {uj} converges 
to zero in i^-norm on any W G TRC(P^'^''). Thus the L^-mass of the sequence cannot 
accumulate in arbitrarily small neighborhoods of V, contradicting the above. □ 

8.1. A second coercivity result 

As we will see in the next section, the invertibility result of Corollary 18.31 suffices to prove 
Theorem A, the existence of Witten spinors, in all the cases except the case when n — A and 
T G (^^^^, §]■ The corollary is insufhcient for this exceptional case because the spinor for 
which we need to apply CoroUarv 18. 31 is only in L'^{M \ V, S) and not in pL'^{M \ V, S) in 
this case. To cover the exceptional case, we prove a coercivity result on a weighted Hilbert 
space with weight shifted from that of Hj, {M \V,S). 

Define n{M\V, S) to be the closure of Ci^{M \ V, S) in the norm 

\\uf + \\pWuf. (8.4) 

Note that 'H{M\V,S) C Domain C H^{M\V, S), and therefore D has trivial null-space 
on Ti. 

Theorem 8.5. Assume that {M,g) satisfies the hypotheses of Theorem \8.1\ Then there 
exists a constant X > so that 

\\pDu\\ > X\\u\\ (8.6) 

for allu inH{M\V,S). 
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Proof. The proof is similar to the proof of Theorem 18.11 except that we need new estimates 
on the asymptotically flat ends of M, where we have modified the norms of our Hilbert 
space. 

Assume there exists an infinite L^-orthonormal sequence {uj} in 7i{M \ V, S) so that 
\\pDuj\\L2 ^> 0. The sequence is clearly a bounded sequence in H^{M \ V,S). The same 
argument as in Theorem 18.11 then gives that the sequence converges strongly to zero in 
L^-norm on compacta va M \ V and on any compact neighborhood of V . Therefore the 
L^-mass of the sequence must accumulate on the asymptotically flat ends of M . 

We show that there exist constants A > 0, L > so that 

\\pDu\\ > A\\u\\ for all u £ H{M \ V, S) with supp(w) C {x £ Mi : p{x) > L}, (8.7) 
where Mi is an asymptotically flat end of M . 

Assuming this for the moment, let be a cutoff function supported on one of the ends. 
Then \\pD{rjUj)\\ — ^ 0, and then (|8.7p shows that the L^-mass of the sequence {uj} cannot 
accumulate on the asymptotically flat ends either. Thus we reach a contradiction. 

It remains to show Since C^{M\V, S) is dense in UiMXV, S), it suffices to prove dHUl) 

for u e C^(M \ 5). We write 

\\pDu\\' = \\D{pu)\\^ - 2{D{pu), [D,p]u) + \\[D,p]u\\\ 

Let z/ denote the unit vector in the direction of ^ , and let V*^ denote the covariant derivative 
in directions {eo-}(j=2,....ri orthogonal to i'. We apply the Lichnerowicz formula to the first 
term on the right-hand-side and expand the cross-term, to 

WpDuf > \\V,ipu)f + ||V"MII' - 2(c(z.)V,M, [D,p]u) 
~ 2{{D - cHV.)M, [D, p]u) + II [D, p]uf. 

Observe that we can group 

n 

||V^Hf-2(p-c(z.)V.)M,[Ap]") + (n-l)l|[^,p]^ll' = Ell^-^(H+c(e.)[Ap]"f, 

o-=2 

and obtain 

n 

WpDur > IIV.MII' + E IIVe.M + c(e.)[i^,p]«r 

cr=2 

- 2{c{i^)V,{pu), [D, p]u) -{n- 2)11 [D, p]uf 
Since the metric is asymptotically flat of order r, \[D, p]\ = 1 + 0{p^'^), and thus 
WpDuf > ||V,(HII' - 2(pV,w,u) - n\\u\\^ - Cill-^IP, 

for some constant C'l > independent of u. To handle the term — 2(pV^u,M), we integrate 
by parts to rewrite it as 

-(v.H^p) = {\u%p'-vApn) c^W^f 

= n\\ur-C,\\^j\ 
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The error terms arise from the deviation of the metric from the Euchdean metric. Thus, we 
obtain 

\\pDuf>\\^^{pu)f~C\\^\\. 

with C > a constant independent of u. Now the desired inequahty foUows using the 
Poincare inequahty (13.81) on the asymptoticaUy flat end and choosing L sufficiently large so 
that the lower order term can be absorbed into ||mH^. □ 

As a consequence, we have the following invertibility result, analogous to Corollarv 18.31 

Corollary 8.8. Assume that the hypotheses of Theorem \ 8.5\ hold. Then for each smooth 
spmor ^ e L'^{M\V, S), there exists a unique spinor <!> in 'H{M\V, S) so that D{p^D^) ~ 5". 

Proof. The only difference from the proof of Corollarv 18.31 is that we now take B to be the 
bilinear form on 7i{M \ V, S) defined as 

B{u,v) := {pDu, pDv), 

and apply the Lax-Milgram Lemma to the bounded linear functional L on T-L{M \ V,S) 
defined to be L{v) — 

The only argument which requires a slightly different justification is showing that the bilinear 
form B is coercive. For this, let e > small to be chosen later, and bound 

WpDuf > e\\pDu\\^ + (1 - e)A2||u||2 (8.9) 

using (|8.6p . To estimate the first term on the right-hand-side, note that since u E H{M \ 
V,S), it follows that pu e Hp{M \ V,S). Thus using the Lichnerowicz formula (|4.7p . we 
have 

WpDuf = \\D{pu)r + II \dp\uf - 2{D{pu), c{dp)u) 
>\\\D{pu)r-\\\dp\uf 

>\\\v{pu)r-\\\dp\ur 

> \\\P^A? + \\\\dp\uf + [pWu,dp®u) - \\\dp\uf 

>\\\pvur-^-\\\dp\uf 

Choosing e so that ^||rfp||ioo(jv^) < 5(1 ~ ^)^^ gives the coercivity of the bilinear form B on 
the Hilbert space 'HiM\V,S). □ 

9. Proof of our main results 

In this section we prove our main theorems stated in the Introduction. For the proof of 
Theorem A, the existence and construction of the Witten spinor is separated into two cases 
depending on the order of convergence, r, of the asymptotically flat metric to a Euclidean 
metric. The reason for this is that, for t > ^, a spinor ipo supported on an end and constant 
in a frame induced from an asymptotically flat coordinate system satisfies pDipo G L'^{M \ 
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V, S); the existence of the Witten spinor is then an immediate consequence of CoroUarv l8.3l 
However, if r e (—2-^, s]^ then pD^po need not be L^, but pD^ipo is stiU square integrable. 
Estabhshing the existence of the Witten spinor from this weaker hypothesis is a two step 
procedure, provided that n > 5. In the case n = 4 and r G (—2^, S-] the proof requires 
further refinement. 

The proofs of Theorem B and Theorem C are based on the form of the Witten spinor 
derived in Theorem A. As a consequence, we separate these proofs into cases, according to 
the construction we use for the Witten spinor. 

9.1. Proof of Theorem A 

Let ipa be a smooth spinor which is constant on the asymptotically flat ends of M and 
suported outside a neighborhood of V. It follows (see (|4.13p ) that p'^^^\D^po\ is bounded on 
M \ V. We separate the construction into two cases, according to whether ^2-^ < r < ^ or 

If T > ^ , then pDipQ G {M \ V,S), and thus the spinor Dipo satisfies the hypothesis of 
Corollary 18.31 Hence, there exists a unique u € Hp{M \ V, S) so that 

From Corollary 14. 14i it follows that the spinor tp Du + t/jq is a Witten spinor. 

If T e (^^, f ], more work is required to construct the desired Witten spinor. In this case, 
D'^ipQ satisfies the hypothesis of Corollarv l8.3l Hence there exists a unique w G Hp{M\V, S) 
so that 

Let 

W :— w + ipQ. 

Then D^W ^ 0, DW G L'^{M\V, S), and DW is in the null-space of the maximal extension 
of the Dirac operator. If in fact DW = 0, then W is the desired Witten spinor. If DW ^ 0, 
then we modify W further. Let rj he a smooth cutoff function, vanishing in a neighborhood 
of V and identically 1 outside of a compact neighborhood of V. Without loss of generality, 
we can assume that ry is 1 on the support of ipo. Since DW G L'^{M \ V^S) is strongly 
harmonic, it follows that -qDW G H^{M \ V, S) and D{r]DW) is compactly supported. By 
Proposition 17. 6[ p^~^~^ (riDW) G L'^{M \ V, S) for all e > 0. In particular, when n > 5 we 
have pD{r]W) gL'^{M\ V, S) and by Corollary O there exists a unique u G H^iM \ V, S) 
so that 

D^u ^ -D{r]W). 

Then, as in the previous case. Corollary 14.141 gives that the spinor ip :— Du + rjW — 
Du + r/w + ^/iQ is a Witten spinor. 

We are left to analyze the case r G {—^^^^, ^] and n = 4. In this case, we use our second 
coercivity result in Section I5T] to construct the Witten spinor. Since Dtpo G L'^{M \V,S), 
by CoroharylH?!] there exists a unique uG L'^{M\V, S) with pVu G L^{M \ V, S) so that 

D{p^Du) = -D^Q. (9.1) 
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We set V := p^Du and let V v + V'o- Since pDu e L^{M \ V, S), then ^ e ^^(M \ V, S). 
Moreover Dv = -D^pa G L^(M \ V, S) and then Proposition liH] gives Vu G i^(Af;, 5*15,) 
for ah asymptotically flat ends {Mi,Yi) of M. Hence is a Witten spinor. □ 

Remark 9.2. Note that the spinor ip — tpo satisfies the hypothesis of Proposition 17.31 with 
b = -1. Thus p^~^-'{iP - tPo) e L^{M \ V, S) for all e > . 

Remark 9.3. Note that if we could construct our Witten spinor to be = u> + -00 with 
w € Hp{M \ V, S) solution to D^w = —D'^ipo, it follows that W is in the minimal domain 
of D near V, and thus by Proposition 14. 1 51 the positive mass theorem holds true. 

9.2. Proof of Theorem B 

The proof of this theorem is a consequence of the estimates we derived in Section [6l 

Consider the Witten spinor ip given by the proof of Theorem A. Thus ip = Du + ipo in the 
case when t > ^, ^ = Du+rjw+iiQ in the case r € (^^, f ] and n > 5; while ■0 = p^Du+ipQ 
in the case r € (^^^y^, §] and n = 4. Both -00 and rjw vanish in a neighborhood of V (where 
p = 1). Hence ip — Du in this neighborhood, and therefore also D^u = there. Moreover, 
by construction we have have xu G Domminl^*) for all x G C^{AI). Thus after multiplying 
by a cutoff function supported in the region where D'^u = and which is identically 1 in a 
smaller neighborhood of V, u satisfies the hypothesis of Lemma [6.31 and Lemma [6.81 Then 
Lemma l6^ gives the desired estimate for ?/) near F^, while Lemma [6.121 gives the estimates 
near the higher codimension strata V^'' . □ 

9.3. Proof of Theorem C 

The main ingredient for this proof is Proposition 16 . l41 

Let be the Witten spinor constructed in Theorem A and which satisfies (jl.lOp . Thus 
■0 = Du + -00 in the case when t > ^, -0 = Du + rjw + 0o in the case t G (-^^y^, f ], while 
— p^Du + 00 in the case r G (^^y^, f ] and n — A. Let x be a smooth cutoff function on 
M which is supported in a neighborhood of V where 0o = and is identically 1 in a smaller 
neighborhood of V . We show that x-0 G Domain (D). For this we use Proposition 16. 141 

Since x is supported where -00 = 0, x0 = X-Du, with xu G Dommin(-D) and xD^u — 0. Since 
Xtp = D{xu) — it is enough to show that D{xu) G Domniin(-D). This follows as a 

consequence of Proposition 16.141 applied to u :— and v := Du, since u G Dom,„in(_D), 
D^u = in a neighborhood of V^, and ^1/2 Ji/2(i) G L^iW) for all W G TRC{V^) by 
assumption (|1.10p . 

Therefore the spinor ip satisfies the conditions of Proposition l4.15l Since the scalar curvature 
is nonnegative, the positivity of the mass follows from formula (|4.16p . □ 
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